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TABLE 1. Parameters for the baseline numerical experiments. Ex-
periments with varying parameters are branches off these with a single
parameter varied, unless noted. The decorrelation time scale of the
forcing is always 2 days. The stirring region has a Gaussian distri-
bution in latitude, exp[(q 2 q0)2/2s ], and the ‘‘half-width’’ is ac-2

q

tually the std dev sq of this. The zonally asymmetric forcing for A1
is described by (5.1), with B 5 1 and sx corresponding to 458.

Experiment
Meridional half-width
of stirring region

Damping
time scale (days)

Zonally
symmetric

Z1
A1

128
128

6
6

Yes
No

]z
41 J(c, z 1 f ) 5 S 2 rz 1 kπ z. (3.1)

]t

The notation is standard, with f 5 2V sinq, where q
is latitude, z is vorticity, and c is streamfunction. The
model is spectral with the nonlinear term evaluated
without aliasing using a spectral transformmethod. Typ-
ically, the model is run at a resolution of T42 with test
integrations at T84; this is more than adequate resolution
because our concern is large-scale patterns. The last two
terms on the right-hand side of (3.1) are a linear drag
and a term to remove the enstrophy that cascades to
small scales, these being the simplest parameterizations
of those processes that remove momentum and enstro-
phy from the flow. The coefficient k depends on the
model resolution, for that term is a subgrid-scale clo-
sure. The linear drag has some physical grounding in
Ekman layer theory, and for a barotropic representation
of the atmosphere reasonable values of r are of order
1/5–1/10 days21.
The term S represents stirring of the barotropic flow

by baroclinic eddies, and we represent this by a Markov
process, similar to that employed in Maltrud and Vallis
(1991). Typically, we choose to excite a small range of
wavenumbers, nmin , n , nmax, where n is the total
wavenumber and nmin 5 10 and nmax 5 14, except that
small zonal wavenumbers, including the zonal flow, are
excluded from the forcing. (Specifically we exclude
modes with m 5 0 to m 5 3.) Ideally, we might prefer
to not impose any particular time scale on the variability
of the model fields, but a white noise forcing (which
has equal amplitudes at all time scales) is not particu-
larly realistic or appropriate, because the highest real-
izable frequencies would be time step dependent and
would not generate much response in the vorticity field,
leading to a very noisy solution. Rather, we choose the
random forcing to have a decorrelation time scale of
about 2 days, similar to that of baroclinic instability.
We satisfy this by making the forcing in each wave-
number Smn to be itself the outcome of the stochastic
process:

dS Smn mn˙5 W 2 , (3.2)mndt t

where Ẇ is a white noise process (a different realization
for each wavenumber) and the parameter t determines
the decorrelation time of the forcing. To implement
(3.2), we use the related finite difference equation (see
appendix):

i 22dt /t 1/2 i 2dt /t i21S 5 (1 2 e ) Q 1 e S , (3.3)mn mn

where Qi is chosen randomly and uniformly ∈(2A, A),
where A determines the overall forcing amplitude, dt is
the model time step, the superscript i is the time step
index, and t is the prescribed decorrelation time of the
forcing, which we choose to be 2 days. This spectral
forcing is then transformed to physical space, where it
is masked such that it has a nonnegligible amplitude

only in a midlatitude band, centered at 458 with about
a 258 width. For some experiments it is also made sta-
tistically zonally nonuniform; that is, it is enhanced in
a longitudinally confined region to mimic the effects of
enhanced stirring in storm tracks. As for the symmetric
case it is constructed to have zero projection on the
zonally symmetric flow (modes with m 5 0) at all times.
Apart from this meridional masking and the choice

of the scale of the stirring, the stochastic forcing is
relatively unstructured, and the resulting momentum
flux convergences result from the nonlinear dynamics
of the model. This type of stochastic model differs from
that used in, for example, Branstator (1992) or Whitaker
and Sardeshmukh (1998), in which the model is linear
and the mean flow is taken from observations or a GCM.
Here, the model is nonlinear, and it is the stochastic
forcing in conjunction with nonlinear dynamics that
generates the mean flow, and that is important for its
pattern of variability.
Given the general form described above, for a given

set of parameters the model is first spun up, and the
integration continued for a period of order 10 000 days
over which diagnostics are obtained. The main param-
eters we have varied are 1) the strength of the forcing
and its degree of zonal asymmetry, that is, the strength
of the storm track; 2) the meridional width of the forcing
region; and 3) the strength of the friction (the surface
drag). Regarding parameter 1, the overall strength of
the forcing is tuned to produce a zonal jet of reasonable
strength. Note that the forcing is meant to produce an
eddy momentum flux convergence that is responsible
for producing nonzero surface winds in the midlatitude
atmosphere. However, a barotropic model is often
thought of as being representative vertically integrated
flow. Such an ambiguity is unavoidable in a model with
only one degree of freedom in the vertical; our control
integration uses a forcing that produces a zonally av-
eraged wind of about 10 m s21. Regarding parameter
2, in our control integration, our forcing strength has a
Gaussian distribution in latitude, centered at 458, with
a meridional half-width of 128. This is varied from 38
to being as wide as the hemisphere. Regarding param-
eter 3, the results are not sensitive to the strength of the
friction when this is in the range 1/5–1/10 days21, and
most of the simulations presented here use 1/6 days21.
See also Table 1.
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FIG. 1. Circulation pattern induced by anomolous vorticity fluxes.
The light arrows represent time- or ensemble-mean fluxes of eddy
vorticity. The contours represent circuits for the calculation of cir-
culation. The heavy arrows on the circuits represent the circulation
that results from the eddy vorticity flux.

enhanced stirring (Robinson 2000). In our numerical
simulations, we will restrict ourselves to the simpler
barotropic case and will model the stirring simply by a
random process with time and space scales chosen to
roughly mimic those of baroclinic instability, with no
direct dependence on the jet itself.

c. Patterns of variability
Because the stirring is produced by a chaotic process

it will fluctuate, and this will produce a response in the
zonal wind field and the associated circulation. In par-
ticular, a fluctuation in the vorticity flux that has a simple
meridional structure will produce a dipolar structure in
the pressure or streamfunction field. To illustrate this,
Fig. 1 shows an idealized localized northward eddy flux
of vorticity (light arrows). Two circuits are shown as
solid contours with circulation G 5 6 ut ds, where ut is
the velocity component tangential to the circuit. With
the mechanical damping, we have

dG
5 u z ds 2 rG, (2.14)nRdt

where un is the velocity component normal to the (right-
hand oriented) circuit. Because the flow is incompress-
ible, 6 un ds 5 6 (]c/]s) ds 5 0, where c is the stream-
function. Thus, if an overbar (e.g., ) denotes the av-u
erage along the circuit, and a prime (u9) the departure
from this average, then

]ut 5 u9z9 2 ru , (2.15)n t]t
and for the time average in addition to the circuit av-
erage

u 5 u9z9/r. (2.16)t n

Thus, a time-mean eddy flux of vorticity out of the

circuit will give rise to a mean circulation. In Fig. 1, to
the north of the maximum vorticity flux, a cyclonic
circulation will result, and to the south, an anticyclonic
circulation. This change in sign of the circulation cor-
responds to a change in sign of the streamfunction; if
the pattern of vorticity flux is interpreted as an anomaly
from a climatology, the eddy vorticity flux then pro-
duces a dipolar circulation anomaly. If the fluctuation
is zonally symmetric, then the circulation anomaly will
extend around the hemisphere. If the fluctuation is con-
fined to some region of longitude as in Fig. 1, then the
fluctuation will be a zonally localized dipole, rather like
the NAO.
The argument above provides information about the

circulation around a closed loop and, formally, says
nothing about the zonal velocity itself. [Of course the
loop may extend around a latitude circle, in which case
ut is the zonal velocity and we recover (2.5).] However,
we may also expect that locally stronger stirring will
give rise to a locally stronger and more variable zonal
jet. If the zonal scale over which the eddy statistics vary
is longer than the meridional scale, then the first term
on the right-hand side of (2.2) will be smaller than the
second term, after time averaging, and (2.3) will ap-
proximately hold. Similarly, the zonal advection of mo-
mentum in (2.1) will be smaller than that of meridional
momentum, and the upshot is that (2.5) will approxi-
mately hold, with the overbar representing an average
over a zonal sector without the need for complete zonal
averaging.
Thus, in regions where stirring is enhanced over a

reasonably broad zonal extent—for example, the storm
track regions—we expect to observe two related phe-
nomena: 1) a stonger and more variable zonal jet; 2)
streamfunction or pressure anomalies that have the di-
polar structure noted above. Furthermore, because these
are anomaly fields, any diagnostic that seeks to eco-
nomically represent the patterns of pressure or stream-
function variability, for example the EOFs, will also
have a dipolar structure, and this is of course the char-
acteristic pattern of the NAO. The latitude of the node
of the mean streamfunction dipole will be that at which
the mean vorticity flux is largest, and this is latitude of
the mean jet itself. However, the distribution of the
anomalous fluxes need not coincide with that of the
mean fluxes, and we will see in section 4 that the node
of the EOF of the streamfunction, representing the var-
iability of the pattern, is often poleward of the jet and
associated with a change in the position of the jet.

3. Numerical model

To see whether eddy stirring can indeed produce the
characteristic spatial patterns and temporal variability
of annular modes and the NAO, we integrate the bar-
otropic vorticity equation on the sphere; namely,
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